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We consider a linear canonical transformation [1] taking a gyroscopic system to
a normal form, We show that the transformation coefficients may be chosen real,
The transformation obtained is applied to the investigation of possible stabiliza~
tion up to asymptotic stability of the relative equilibrium and the steady-state
motion of a mechanical system, The stabilization of mechanical systems by
controls uj (@, qi’) was studied in [2—4], In this paper we pose the more special
problem of seeking the conditions which must be satisfied by forces of partial
dissipation in order that the relative equilibrium or the steady-state motion of

a mechanical system can be stabilized by them up to asymptotic stability, We
must remark that a stable mechanical system can be stabilized up to asymptotic
stability by a force u (g1, ..., gn’) of an arbitrary nature if and only if it is pos-
sible to stabilize this system by only one dissipative force [2],

1, Reduction of a gyroscopic system to normal form, Letthe
equations of motion of a linear gyroscopic system, whose position is described by the
generalized coordinates ¢,, ..., g,, have the form

d oL oL
- (Tz{ ) — = (1.1)
Here L is a function of the form
= “3“ 2 (bij’qi.‘]j. + b1 n+jQin' + by, n+i9:95) (1'2)

i, j=1
where the b;;'(i,j = 1,..., 2 n) are constant coefficients, Equation (1,1) can be writ-
ten in the Hamiltonian form

q'=0H |dp;, p’=—0H[dg; (=1...n) (1.3)

n
1
H =5 2 (@i + 0, niiPidi + Gnsi, ne59:45)
1, j=1
We assume that the quadratic form H is positive definite, In this case the roots of the
characteristic equation of system (1, 3),

A(A) =0 (1.4)
are all purely imaginary and the equilibrium position ¢, = ¢, = ... = @p = 0 is
t , s
stable [1]. Let 4 qa0; L 4@y o2 e A L A0,
He )
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be k groups of roots of Eq, (1.4),
There exists [1] a linear canonical transformation

n n
zi = X (bijg; +bineiPi), Y= Z (buri, 95 + brsi, neiP3) (1.9)
= G=1..., n)]—l
taking Egs, (1. 3) to the normal form
;' =y, y{:—(?»f))axi =1,..,ms=1,..,k (1.6)
In the general case the coefficients of this transformation are complex, Let us find a
transformation with real coefficients, Let E be the unit matrix; A, B be the matrices

of coefficients of the variables ¢,, ..., ¢n, D1, ..., P, in the right-hand sides of Eqgs,
(1.3),(1.5); I' be a matrix of the form

0 E
o
—E 0
Z, u be 2 n-column-vectors ; b,, ..., bay, be the row-vectors of matrix B; (z, u)

be a scalar product; Cz, C%, C’, | C| be the product of the square matrix C by the
column vector 2, the square of matrix C, the transpose of matrix C, the determinant
of matrix C,respectively; == Agi (s = 1,..., k) be the characteristic index belonging
to the sth group of Eq, (1.4).

The matrices A’, (4)® have simple elementary divisors, because otherwise the equi-
librium state would be unstable, Therefore, each of the systems

(APz=—M2z  (=1...H .0

has 2 (n; — Ms—y) linearly independent solutions, We construct the following sequence

of eigenvectors of matrix (4")%:
i1
Z§2n3_1+2i-1) — a§2i_1) {ugzi—x) + E [— (uﬁ""), I‘zg?"s—lﬂﬂ) %
<

% z§2"3—1+2j'1) + (u£2i—l), I-z(zn,_1+2j—1)) Z(zn,_1+21)]}

z(m"l”i) — A,z(zns_lni—l) (i=1,..,n,—ng i s=4,.., k n= 0)
Here u£2i'1) is some solution of system (1, 7), linearly independent of the vectors
z:m'_lﬂ), vy Z.(zns_lﬂi_Z), while the real corfficients a§"""” are chosen such that
z£2ns_1+2i—1),‘ rzi2n3_1+2i)) -1 _ We set

bi = (z?i_l)),’ bn+i = (Z.a(szi)), (18)

(i=n_ +1,..,n5 s=1,..,k n=0)

It can be verified that equalities (1, 8) define a matrix B of a linear canonical transfor=
mation with real coefficients taking Eqs, (1. 3) to the normal form (1.86),

2, Stabilization of the relative equilibrium of a mechanical
system, We consider a mechanical system subject to holonomic steady-state con-
straints , whose position relative to a moving reference frame x,, 2, , rg is determined
by the generalized coordinates ¢y, ..., §n. Suppose that potential forces and dissipative
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forces, not explicitly dependent on time, with a function F (g, ..., g,’) of rank p < n,
i, e, the dissipation is not total, act on the system being considered, We assume that the
system is in a relative equilibrium position ¢, = ...= @, == 0 which we take as the
unperturbed motion, If the transfer inertial forces adm1t of a force function not explicit-
ly dependent on time, and if the projections of the instantaneous angular velocity onto
the axes x,, x, , ¥3 are constant, the equations of unperturbed motion in the first appro-
ximation can be written in the form

d oL oL aF
(G ) =5 = wmr G=team (2.1)

12
where L has the form (1, 2), At first we shall assume that the Hamiltonian H correspond-

ing to L is a positive-definite quadratic form in ¢, ..., @ny Pi1» ---y Pp. We repre-
sent the function F in the form

F=— (@i +...+ 00, (0, = Zwm,r=hum) (2.2)

In the normal variables found with the aid of the real canonical transformation in
Sect, 1, Eq, (2.1) and the functions F, @y, ..., ®p take the form

P P
. LR 2 Y
2=y + 2 a;iPj, y"=—MA; 4 2 dnsi, 19 (2.3)
j=1 i=1
(=n,,+1,...n4 s=1,...,k)
n n
1 s - 3 .
F=—— 2 (052,25 + 20452345+ Gnag, i)y Qe = 2 (criTi + Cr, n4i¥3)
Y=t j=1
P D
= 2 CriCriy,  Qnii, nej= 2 Cr, n+iCr, ntjy Nij = z CriCr, n4j
r=1 r=1 r==1
F (1) (1) . F .
Let Fy, @', ..., @p be parts of functions £, @y, ..., @p, depending only on xy, -.-;
Znyy Y1s -+ Yny- To the form Fy we apply successively a linear real transformation, the
same one for the series of variables x;, ..., Z,,} Y, .-+y Yn, taking the form
ny
fi= 2 (U'U -+ 7‘12an+i,n+j) ZiZ ;
i j=1

into a sum of squares, and an orthogonal transformation taking the skew-symmetric form
My

fa= 2 (i — ns) zy;
1, j=1
into a canomcal form [5], In what follows we retain the old notation for the new coef-
ficients oc,,, ”m dv and for the new variables x“ y1 . We note that the transforma-
tions being considered do not alter the form of Egs, (2, 3),

Theorem, For dissipative forces to stabilize in the first approximation a normal
variable Z; up to asymptotic stability, it is necessary and sufficient that the coefficients
of function £,

Fi=— .— 2 (05225 -+ 21,52y 5 + Gnsi, nrsl Y 5) (2.4)
i, j=1

Qi+ APOnsi, naj = 845, Ny —n,=0 (#2384,
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satisfy the inequalities

I<s, My —mg)? —10 (2.5)
Proof, Necessity, If 1> s, i, e, the variables Zj, J; do not occur in function
F,, then @, ..., ¢p do not depend on these variables, therefore, Egs, (2. 3) admit of

the nontrivial solution
zy=Crcosht-+ D;sinht, z;=y;=0 (1)
Let I << 's. We take [ = 1. We consider the sum
P

c .
v= 2 [(Crl Fer, 71+2A'1)2 + M2 (—ﬁ- +cr, nﬂ)z] =
r-—12
= D (i1 + MPhnsi, nai) T 2hy (33 — na)
i=1

If the equality A,% (ny;, — n,y;)? = 1, has been fulfilled, then, according to (2,4), v
vanishes, whence follows

¢r1=tMer,nisy, Crg=FMCran (r=1,...,p
In this case Eqgs, (2, 3) admit of the nontrivial solution
zy=Cicosht + Dysinkt, 2=y, ZTa=H4un/h, Y2=2;
zi=y;=0 (@=3,...,n
Consequently, the variable &z, is not stabilized up to asymptotic stability,
Sufficiency, Since dH / dt = F, where F is negative-constant and H is

positive~-definite, it follows from the Barbashin-Krasovskii theorem {6, 7] that the motion
tends asymptotically to those trajectories along which F = 0. The equalities [6]

z;' =y, Y = — Miz; (t=1,...,m) (2.6)
Pm — 0 (r=1,... P 2.7
are fulfilled on these trajectories, Substituting the solution of Egs, (2, 6),
T = Ci Cos A‘lt"" Di sin klt, Yy = — Ci}"l sin th + Di A‘-l CcoS Alt

into equalities (2, 7) and taking into account that the functions sinA,¢.and cos At
are linearly independent, we obtain
8

Vp = E (enCi+cr, n+lk1D1) =0, w= 2 (e Dy — Cr, n+lMCl) =0 (2-8)
!

=] =1
(r=1,..., p)

If s=1,then C; = D, = 0. If s> 2,Eqs, (2.8) are equivalent to the equality

P
V= 2 v+ w? = € + Dy + C3* + Dy + 2y (may — nar) (CuD3 — CoDy) +
r=1
+ Vl (03: D3’ LRI ) Csr Ds) (29)
where V| is nonnegative, When condition (2, 5) is fulfilled, the function (V — V)
is positive definite, therefore, equality (2, 9) is satisfied only for C;, = D, = C, =

172 = 0, whence follows x; = 0. The assertion is proved,
For n, = 1 the asymptotic stability condition takes the form
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O+ APy, na 0 (2.10)
From the theorem's proof it follows that inequalities (2, 5) are the conditions for the
absence of nontrivial trajectories of Eqgs, (2, 1), along which the equalities

n
¢ = Jeigi=0 (t=1,...,p

F=1
are fulfilled, Expressing from these equations the last p generalized coordinates in terms
of the remaining m = n — p and substituting this expression into Eqs. (2. 1), we go
on to investigate the existence of nontrivial trajectories of equations of form (1,1) with
the function . ) (2.11)

L, = L(g;, 4/, dm+i(¢:)s T'm45(q57)) t=1,...mj=1,...,n—m

along which are fulfilled certain linear equalities

lpr (‘11, « ooy Iy 91., ey qm.) =0 r=1,...,p) (2‘12)

obtained from the last p equations of system (2,1), The theorem can be applied in this

case too if we set L=1L;, F=—130p2+ ... + 2.
For example,if n = 2, F = (¢,," + €12¢")% then the function ¥, is

Y1 =b1a" (1 + 1’/ €1”) 1" + (cn1 / €12) (bas” — bss) 04
since without loss of generality we can set

L="1(g1) +(22) + 201/ 0:192" + bss'0:* + bag'q2%)
Conditions (2, 5) are not fulfilled only when s = 0, i.e. {, == 0, whence follow
by = 0, by’ = bgs’. Thus, the relative equilibrium of a mechanical system with two
degrees of freedom, with b,," =/= 0 , can be stabilized up to asymptotic stability by any
dissipation of rank p = 1,

Example 1, We consider a frame, rotating around a vertical line, with a mathe-
matical pendulum attached to the frame's rotation axis by means of elastic springs, so
that the vertical plane in which the pendulum is located and the pendulum’s suspension
point can accomplish, respectively, torsional and vertical oscillations, The kinetic ener-
gy T and the force function U are

= ml@)? + B (@)% + 2 Lsin gz’ + 1 sin? ot + 2o sin? ¢ *+ 2 sin? @ ()]

U= —Yy ka® — 1z kzb® 4 mgl cos ¢ + mgx

Here ¥ is the angle between the vertical plane and the plane of the frame, z is the
displacement of the pendulum's suspension point from the end of the undeformed spring,
¢ is the pendulum's angle of deflection from the vertical, k,, k; are the stiffness fac-
tors of the springs, m, I are the pendulum’s mass and length, o is the frame's anglular
velocity of rotation,
As the unperturbed motion we take the solution
g = ga=¢gg=0 (2.13)
0 = 1(P — @), g = = — 2, g5 = P (c0s @o = g/ (lw?), zo = mg / k)
The equations of perturbed motion in the first approximation are written in form (2,1)
with the functions L and F
L = Tm [(¢1*)* + 2 sin @oqr’g2" + (2)* + sin® @ (9°)2 + 20 sin 2 @oqugs’] — 1/, [(02 —
— g2/ Po¥)q® + kygo? + (ks / Dg%l} ; 7= — 1 (e;1q1” + 299" + c393°)?
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The conditions for the positive definiteness of # are
ky >0, k3 >0, 02 — g2/ 202> 0
If we take k, / m = 48sec~2?, ky/ m = 1im?/sec?, o = 6sec-l, | = 0,54m, then the
function H is
H =1 m (4p® — 4V 3pps + 4p2® + aps® — 8V 3psqy -+ 63g;® + 48g;° + 36457
The roots of characteristic equation (1,4) are all distinct, therefore, an analysis of stabi-

lity condition (2, 10) leads to the conclusion that solution (2,13) is asymptotically stable
when the nonequality

(01a® + 15 [er® + (ere + 2V 3en)?] lega? + (2Teia/ V'3 — 166;)%1 = 0
is fulfilled,

Example 2, We consider a rigid body moving in a central Newtonian force field
in a drag-free medium, A material point of mass m is located inside the body, We as-
sumne that the center of mass O of the mechanical body — point system moves along an
unperturbable circular orbit with angular velocity w. Let € be the center of forces,
CX,X3X3 be a fixed reference frame, Oxyzzg be an orbital coordinate system, Oy, ¥,
be a coordinate system with axes directed along the body's principal central axes of
inertia, We take the angles vy, 94, 7, respectively, as the generalized coordinates 4. ¢a.
q3[9], defining the position of ©,¥1%,Ys relative to Uza,xg, and the coordinates gs. @5
defining the position of the point relative to 0,y,7v;

Yy = f‘i (qh (]5) (i = 19 21 3)
Let the equalities
fao = f30 = (8f1/ dga)e = (0f1/ Dgs)y = O
be fulfilled, where j;, is the value of function f (¢a, ¢5) at ga = ¢gs = 0. To ensure the
asymptotic stability of the relative equilibrium ¢, = ... = ¢; = 0, which we take as
the unperturbed motion, we introduce viscous friction with a dissipative function / =
—1/2 [a ) - (gs)%) .
The equations of perturbed motion in the first approximation have form (2, 1), where
2L = Ay (¢')? + (Ag + m/1 %) (@2")? =4 (4s + myf1?) (q27)? I
20 (dy - Ay — Ag) g’ F (A — A0 + 4 (A — Ay — mfw)et
43 (A — Ay — miaet]e? b my{(aag + @’ A+ (haga” -+ bags")? - 2f10l(aegs” +
L oasg gt — (baga” - bagst)ge’] 4 3fyp07 [(0%/1/0ga%)gga® + 2 (8*[1 [ Dqs0qsd)y
% qats b (01 92005 -+ Bay (bags + bogs) — Ogy (103 + asga)] — (bags -+ bigs)0l} —
— kaqs® — ksq5®
my = mM [ (m -+ M), oy == (B ] 00)ey b == (Bfs ] g
(i = 4,5)
To investigate the asymptotic stability we examine the function Z,, introduced earlier
by equality (2,11), obtained from the function L for g4 = 4" = g5 == 45’ = 0. The func-
tions P, P, from equalities (2, 12) are

P, = 4mbi+3 (Lo / By)qy + 3a (By — By — By)oiy; — bn.:; (he ! By)ay'

i+3
By = Ay + mf® (i = 2,3), by = (43 — 4, — Ay, By =4

if the nonequality
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B,B2 (By — B1)® + (By — By)B3[—12B, (B; — By) — 3B, (Bg — By) — 3 (By —
— By — By)*) + 4By (By — By) (B3 — B,) # 0 (2.14)
is fulfilled, the roots of Eq, (1,4) corresponding to the Lagrangian L, are all distinct, and
the asymptotic stability condition (2,10) can be brought to the form

Liy (By — By — By) (b + bs?) (aa® + as?) # 0
If nonequality (2,14) is violated, n, = 2 and the asymptotic stability condition obtained

from criterion (2,10) is
Ly (By — By — By) (baas — asbs) = 0

3, Stabilization of the steady-state motion, We consider a mecha-
nical system subject to holonomic steady-state constraints, whose position is determined
by the generalized coordinates ¢, ..., ¢,, where the last £ coordinates are cyclic, We
take it that the indices r, s vary from one to (n — k), while the indices m, [ from
(n — k 4 1) to n. Suppose that potential forces with a force function U = U (q,),
dissipative forces with a dissipative function ® = — ¥/, [(gnog1)? + ...+ (g,)%
and certain constant forces F, act on the system being considered, such that the system

admits of the motion . X
gr =0, @gun = qme = const (3.1)

Let the kinetic energy T be L&
T =— X a0i'es

1, j=1
Solution (3, 1) is asymptotically stable in the first approximation [10] if there do not
exist nontrivial trajectories of equations of form (1,1) with the function

L = 62 (%zarsq;qS. + —;—Zau%'@ho' + Z alemo'qlo' + U> (32)
7,8 r,l m, !

along which the equalities

Pm = D) Gms g5+ 2‘_2 (0am, | 94s)o Qs] Qo =0 (3.3)
s l [
are fulfilled, Let us apply the transformation proposed in Sect, 2 to the function L and
to the function 1
== 2
m

Then the conditions for the absence of such nontrivial trajectories, and, consequently,
the asymptotic stability conditions, take the forms (2, 5), (2.10).

Example 3, We consider a mechanical system which is a gyroscope in a gimbal
suspension contained in a casing which is rigidly attached to a rod, The rod can rotate
relative to a fixed point 0,. The gyroscope's center of gravity is located on the rod's
axis at a point 0. The rod, the casing and the gimbals are taken to be weightless, Let
0,X,X,X; be a fixed coordinate systemn with the 0,X3-axis directed vertically upwards,
Oz xyxg be a systemn fixed on the rod, where the Ox;-axis is directed along the rod from
point O to the point 0,, while the axis of the outer gimbal is directed along Oz,.

The rod's position is determined by angles a1 and f,, where B, is the angle between
the Owzj-axis and the projection of the rod onto the plane 0,X;X;, o, is the angle bet-
ween this projection and the U;Xjz-axis, The gyroscope's position relative to Oux,x,z, is
determined by angles a, §, Y [11]). The kinetic energy 7 and the force function U are
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2T = M3 [cos? Pr{a;)? 4 (sin? a;, + cos? fy) (B1')2] + 4, (a’cosP + P1 cos B +
4+ a1 cos Bysin a, sin P -+ a1 sin B, cos asin B)2 + 4, (" + oy cos P, cos a —
— 0, sinP; sin a)® 4 A3 [(¢" — ai"sin Pi) sinp + 1" — (a1” cos B, sin a -+

-+ a;" sin B, cos a) cos BJ?

= —Mglcos f; cos oy — Yz by (¢ — o) — Yo ks (B — Bo)?

where M is the gyroscope's mass, 41, 4; are, respectively, the equatorial and axial
moments of inertia of the gyroscope, ! is the distance 0,0, k,, k» are the coefficients
of elasticity of the springs fixing the position ¢ = a,, § = B,. The coordinate ¥ iscyclic,

Let Fs be a constant moment balancing the moment of the dissipative forces, namely,
— kY on the steady-state motion

u=fh=0a=ag=a/2,B=PB,=a/4 ¥ =1

In such a case, if for the perturbations we retain the notation of the ‘original variables,
the functions L and ¢;, defined by equalities (3,2) and (3, 3), are

2L = ME 0" + BrP] 4 Yo (1 4 Br” ') - A (B9 4 Yodds (27 4 Br” — o) o+

+ V2 AstoB (" + B + 2%) — Mgl — MglBs® — kya® — ko’ (3.4)
= VZ/2@ 4B —n"
Setting @ = @, — f; in expression (3, 4), we obtain the function I,
Ly =12 [(ME 4 247) (u*)2 + ME (B1)2 + A1 3°)2 +2 V2 As1o'Bon’ —
— (Mgl + k) an? + 2013y — (Mgl 4 k) Br? — k23]
The function ¥; from equality (2, 12) has the form
Y=kt (A1 + MP) B+ [— k1 (A1 + M) + AMgllon — V2 /2A510" MEB®

If we assume that the roots = Ayi, o= Asi, 4= Agi of Eq, (1.4) corresponding to L, are
all distinct, then the condition for asymptotic stability with respect to the normal varia-
ble z; takes the form

AMgl — ky (Ay+ MB) [ 4 k(MEL? — Mgl — k)] — A M (70')*A? (1M —

k)t 0

The author thanks G,K, Pozharitskii for valuable comments on the paper,
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ON A GAME PROBLEM OF CONFLICTING CONTROL

PMM Vol, 36, N4, 1972, pp. 598-605
N, N, Subbotina
(Sverdlovsk)
(Received January 31, 1972)

We consider a differential game of guidance -- evasion whose solution we are
required to find in the class of pure position strategies, It is shown that the intro-
duction into this problem of information discrimination of the opponent essen-
tially distorts the meaning of the original game problem, It is known [1—3] that
a differential game of guidance—evasion has a saddle point in the class of pure
position strategies if the right-hand side of the equation describing the system's
dynamics satisfies the condition

max,min, §'f (¢, #, u, v) = minymaxy s'f (¢, =, u, v)

where the maximum and minimum are computed over admissible values of
and v; s is an arbitrary n~-dimensional vector, the prime denotes the transpose,
However, if the stated condition is violated, then, in general, an equilibrium situ-
ation does not exist in the class of strategies, Here the game's outcome depends
essentially on whether the players have information on the controls realized in the
system, A typical situation is when the players do not have such information
available to them; in this case an interesting problem is that of seeking the posi-
tional minimax and maximin pure strategies of the players, Below we use the
results obtained in [5, 6, 9] to construct such strategies in one example of con-
flicting control,

1, The physical sense of the problem being investigated is the following, We have
a material point moving in a horizontal plane, The motion of this point is controlled
by two players who form controls which are two-dimensional vectors % [#] and v |/].
The first player chooses the control u [¢], while the vector t* [#] is chosen by the second
player, and the realizations of the controls satisfy the constraints

Jull<<p. Jeld<Cvy (1.1)

Here and subsequently || 7 | denotes the Euclidean norm of vector . There is some free
play in the control system. therefore, instead of the control force u [/] == w |11 — v ||
a certain force wy (/1= 1, |11 — v, [{]. is applied to the point where the vectors



